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Abstract

Recent methods for frame field generation in two and three dimensions are reviewed. Frame fields generated automatically in 2D
and 3D are analyzed with respect to quad and hex mesh generation. Problems are identified with automatically generated frame
fields that prevent mesh generation via current methods. Specifically, there exist geometries that contain limit cycles and cannot
be parameterized or decomposed by separatrices of the frame field. In 3D, singularity lines occur that minimize the field curvature
but do not align with the frame field. These types of singularities make it impossible to create a mesh that both follows the frame
field, and simultaneously respects the singularity as an irregular node in the mesh. Specific examples are presented that illustrate
these problems. For each example, streamlines are used to help visualize properties of the frame fields, problems are analyzed, and
options to potentially mitigate such problems are discussed.
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1. Introduction

The study of frame fields is a new and promising area of research in the quest to automate hex mesh generation.
Their use has led to robust and efficient algorithms for generating high quality quad meshes in 2D that satisfy many
desired properties [1]. A major goal in the research of frame fields now is to extend these automatic mesh generation
methods to 3D. Significant progress has been made on various fronts ([2–5]), and hex meshes have automatically been
generated on several geometries. Despite this progress there are still some problems with automatically generated
frame fields that cannot be addressed by current methods. These problems need to be solved in order to reach the goal
of robust automatic hex mesh generation. In this note, specific examples of problems that need to be addressed are
presented along with a discussion of possible options to mitigate these issues.
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2. Background

A frame defines a preferred orientation to place a hex or quad element in a mesh of a given geometry. Since most
of our discussion will be in 3D, frames will be defined as follows:

Definition 2.1. A frame is a set of right handed coordinates, (U,V,W), where U,V, and W are all unit vectors. Two
frames s and t are equivalent if there is a rotation corresponding to the cubical symmetry group G that transforms s to
t. A discrete frame field over a mesh is a frame defined at each node of the mesh.

The core idea behind automatic frame field generation is to smoothly propagate the preferred orientation that is
naturally defined on the boundary onto the interior of a domain. For example, in 2D the natural orientation of a frame
can be defined at any point of a C1 continuous boundary curve by the pair of unitary normal and tangent vectors at
that point. In 3D, frames are fully constrained on geometric curves and vertices, and constrained such that one of the
coordinate vectors points in the normal direction for each frame defined on a boundary surface. In each automatic
frame field generation method [1,2,5], these constraints are enforced and a field energy, which corresponds to the
difference between orientation of frames, is minimized.

Minimizing the field energy leads to a smooth transition of frames over most of the geometry, however in order
to satisfy all of the boundary constraints singularities appear in the frame field. Conceptually these singularities
correspond to simply connected edge sets in a hex mesh with irregular valence. Mathematically, these singularities
occur where the rotational transition between frames is not the identity.

Definition 2.2. A matching, Πst between two frames s and t is the best transformation between them in the following
sense:

Πst := argmin
P∈G

||[Us|Vs|Ws] − [Ut |Vt |Wt]PT ||F

where P ∈ G is a mapping from the cubical symmetry group and || · ||F is the Frobenius norm.

Definition 2.3. Given a tet mesh over a geometric domain and a discrete frame field with frames defined at each node
of the mesh, the type of a tet face, f, is a is given by

type( f , n0) = Πn2n0 ◦ Πn1n2 ◦ Πn0n1

Where ni are the frames at the nodes incident to f . If the type of a face is not the identity mapping, then the face is
said to be singular.

We will use streamlines to visualize some of the issues with automatically generated frame fields.

Definition 2.4. Given a continuous frame field defined over a domain Ω, let γ(s) be the parameterization of a C1

continuous curve not defined at any singularity. Then γ is a streamline of the frame field if

∀s ∈ [0, 1], ∂γ(s) × x(γ(s)) = 0

where x ∈ U,V,W, the coordinate vectors of the frame defined at γ(s).

2.1. Previous work

Various methods have been proposed to extract quad meshes from frame fields in 2D [1,6]. Of note is the 2013
paper by Kowalski et. al, in which the authors proposed a method to automatically generate frame fields on 2D
domains and then extract a mesh by first decomposing the domain into 4-sided regions using the singularity graph of
the frame field. Others have taken the more direct approach of parameterizing the domain with the help of a guiding
frame field [6]. Automatic quad mesh generation techniques in 2D using frame fields are robust and can mesh a large
set of geometries.

The extension of these methods to 3D has proven to be difficult, but significant progress has been made in recent
years. In 2011 Nieser et. al. [7] described the CubeCover method (an extension of [6]). This work describes
a method to parameterize geometries to generate a hex mesh and laid a foundational framework on frame fields
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Fig. 1. (a) Nautilus with frame field. Each box represents the preferred orientation of a quad element at that point. (b) A streamline originating
from the concave corner. This illustrates the limit cycle of the field. (c) A block decomposition of the geometry that results from the automatically
generated frame field after the geometry is cut from the concave corner directly up (yellow line).

in three dimensions. In particular this work established the necessary topological condition that in order to get a
valid parameterization of a geometry, singularities of the frame field must have a type that is a rotation about a single
coordinate axis. Singularities with types that are rotations about more than one axis are called compound singularities.
At the time that the CubeCover method was developed, there was no method for automatically generating frame fields
and the algorithm required that the user manually define a frame field on the geometry. Since then, Huang et. al. [2]
and Ray et. al. [5] have developed methods to automatically generate frame fields in 3D. Jiang et. al. [4] and Li et.
al. [3] then combined automatic frame field generation with the CubeCover method to automate hex mesh generation.
In order to use automatically generated frame fields to parameterize a geometric domain, both authors found it is
necessary to perform operations to validate the types of singularities occurring in the geometry, either by removing
compound singularities or fixing issues due to the discretization of the field. After validating the singularity graph
both authors were successful at automatically generating high quality hex meshes on various geometries. Despite these
successes, current methods are limited to a small set of geometries. Even simple examples exists where automatically
generated frame fields cannot be used to parameterize a domain. These problems can occur even when each singularity
in the geometry has a valid type.

3. Problematic examples

Even if a frame field is boundary aligned and the type of every singularity is a rotation about a single coordinate
axis, automatic methods [1,2,5] for frame field generation lead to examples where the frame field does not correspond
to a valid mesh of the geometry. The examples discussed in this research note can be classified as one of two types.
Either the geometry induces a limit cycle in the frame field, or singularities do not align with the frame field.

Example 3.1. The nautilus shown in Fig. 1 illustrates the first potential problem with automatically generated frame
fields. In this 2D example, the frames are aligned with the boundary, and the energy minimization has led to a smooth
frame field with no singularities (Fig. 1(a)), however no proper parameterization of the domain can be obtained
because a limit cycle in the frame field leads to a degeneracy. This is visualized using streamlines of the frame field
in Fig. 1(b).

In a parameterization of the nautilus using this frame field, grid lines in the angular direction would all converge
onto the same curve, leading to an infinite number of elements with arbitrarily small volume. Further, the block
decomposition method proposed in [1] would not work since the streamline originating from the concavity also would
approach this limit cycle.

One way to mitigate this problem is to introduce an additional constraint to the geometry. Rather than simply
constraining the frame field to align with the boundary, we can “cut” the geometry and require that the frames align
to the boundary of the cut as well. Cutting the nautilus from the concavity directly up results in a frame field that
induces a block decomposition equivalent to Fig. 1(c). Such a process of cutting geometries where limit cycles occur
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Fig. 2. (a) The “notch” - a cube with a quarter cylinder cut out of the corner. The thick black curve represents the singularity graph of the
automatically generated frame field. (b) A close up of the singularity with type classification. Tan faces represent faces where the singularity type
is a positive rotation with respect to the local coordinates. Red represents a negative rotation. Positive rotations correspond to 3 valent singularities
in the hex mesh while negative rotations correspond to 5 valent singularities. (c) Streamlines (in red) show the directionality of the frame field. You
can see that the singularity shown here is not aligned to the frame field.

could potentially be left to the user, however for robust automatic mesh generation more research needs to be done to
automatically determine how to make cuts that will change the problematic topology.

Example 3.2. Fig. 2 shows an example of another simple geometry, a cube with a quarter cylinder cut out of the
corner, where a frame field generated by a state-of-the-art method cannot be used to generate a hex mesh. This
example is noted in [5], but we analyze it in more detail here. The white line in Fig. 2(a) is a Bézier curve fit to the set
of points where the singularities occur on each tetrahedral face. This curve gives us a representation of the singularity
graph of the geometry. The frames on the top surface of the geometry induce a 5 valent singularity, while at frames
on the lower surface induce a 3 valent singularity. In a hex mesh, it is clearly not possible for a singularity to change
valence. In fact, it is mathematically impossible in a hex mesh for 3 and 5 valent singularities to meet at a junction
without other singularity lines also meeting there [7,8]. Indeed, by classifying each tetrahedral face as a 3 or a 5,
depending on whether the singularity type is a rotation in the positive or negative direction about the local coordinate
frame, we can see that this singularity graph does not yield a clear classification of the singularity (Fig. 2(b)). That is,
the frame field in this example is a singularity restricted field as defined in [3] - every singular face has a valid type
- however the singularity graph is still not valid since the direction of rotation with respect to the local coordinates
changes from face to face.

Another key observation about this frame field is that the singularity graph is not aligned to the direction of the
frame field. Singularity alignment with the frame field is a necessary condition for generating a hex mesh from a
frame field that is not explicitly mentioned in any previous works. In a hex mesh, singularity lines are by necessity
aligned with the mesh because they are made up of edges of the mesh. Thus in order to generate a hex mesh that
follows the directions of the frame field, whose singularity graph corresponds to singularities in the hex mesh, it is
also necessary that the singularity graph of the frame field be aligned to the frames. In Fig. 2(c) streamlines are used
to visualize the direction of the frame field. In this particular case all frames are aligned with the z-axis, and it is clear
that the singularity does not stay in line with the frames.

Intuitively, the singularity graph of the notch would be two separate lines, a 5 valent singularity propagating from
the top surface to the bottom, and a 3 valent singularity propagating from the lower surface to the bottom (Fig. 3(a)).
This does not occur with the automatically generated frame field because the geometric constraint that induces the
two singularities (i.e. the curved surface from the cylinder cutout) only exists at the top of the geometry. The field
energy is minimized by the two singularities coalescing. One way to mitigate this problem is to blend the curve along
the concavity where this geometric constraint disappears. Doing so changes the topology of the geometry and yields
a different singularity graph which corresponds to a valid hex mesh (Fig. 3(b)). Blending curves is a local operation
which can get rid of some problematic singularities. This is an ideal solution when viable, however design specific
considerations may require sharp corners. In such situations, it may be possible to devise a strategy for propagating
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Fig. 3. (a) The singularity graph of the intuitive mesh on the “notch” geometry. (b) Blending the curve along the concavity changes the topology
and results in a valid singularity graph that corresponds to a hex mesh. (c) A geometry with singularities that do not occur near a concavity and are
still not in line with the frame field. Note that the singularities at the top of the geometry are inline with the streamlines, but the singularities at the
bottom begin in line with the streamlines and then diverge.

geometric constraints that end at a concavity throughout the geometry by following the frame field. This however
is a global problem, and it is not clear how to handle situations where propagating multiple constraints leads to an
intersection of those constraints, or how to propagate along the frame field when the directions diverge because of a
singularity. Furthermore, this problem is not specific to constraints that end in concavities. Singularities that are not
aligned with the frame field can occur in various situations (Fig. 3(c)).

Another potential strategy we tried is to add a constraint to the minimization problem when solving for the frame
field. Such a constraint could appear in the objective function as a penalty when singularities are not aligned with the
frame field. We attempted to do this in an a. posteriori fashion as follows:

1. Compute the frame field using the method described in [5].
2. Find the singularity line, and assign each node attached to tet faces that the singularity line passes through a

desired direction by projecting the node to the singularity line and calculating the tangent at that point.
3. During the field smoothing step add in the new constraints for the nodes near a singularity. This will potentially

introduce new singularities into the field. The hope being that these new singularities change the topology of the
frame field to a valid one, since all frames should be in line with singularities.

4. Iterate steps 2-3 for a fixed number of steps or until convergence to a frame field where frames are aligned to the
singularities.

When constraining the nodes near singularities in step 3 exactly in the direction of the singularity line, this process
produces new singularities at each step and the frame field becomes chaotic. If instead we constrain the frames to a
direction between their previous orientation and the direction of the singularity, we see essentially two behaviors. If
the frame moves significantly to the direction of the singularity line, we see the same chaotic behavior as before. If the
frame stays mostly in the orientation that it previously was, then the new constraints do little to change the frame field
and the process appears to be almost identical to the smoothing step without the new constraint. Thus if the constraint
is too strong, the process becomes chaotic. If it is too weak, it can’t change the topology of the singularity graph, and
our results are no different than if we didn’t include the constraint. This approach seems ineffective and singularity
alignment to the frame field remains an open problem.

4. Conclusions

Frame fields are a promising new area of research because of their potential to simplify the current process of
producing a high quality hex mesh. Significant progress has been made in recent years. Methods have been developed
to automatically generate smooth frame fields with minimal singularities, and to parameterize and hex mesh volumes
whose frame fields have valid singularity graphs. In order for these methods to work robustly for a large and industrial
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geometries, issues such as those presented in this research note need to be addressed. More research needs to be done
to classify singularity graphs and frame fields that can be addressed by current methods, and to find conditions or
methods that will produce frame fields with the desired properties.
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