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Summary Tetrahedral meshes are being extensively used in finite element
methods (FEM). This short paper presents an algorithm to generate adap-
tive and quality tetrahedral meshes from an arbitrary surface mesh model.
A top-down octree subdivision is conducted on the surface mesh to con-
struct standard Body Center Cubic (BCC) tetrahedra. A modified marching
tetrahedra algorithm is then used to extract the boundary faces of the tetra-
hedra near the surface mesh, followed by an optimal decomposition of the
generated polyhedra into tetrahedra. The quality of the tetrahedral meshes
obtained is measured by dihedral angles, which are greater than 6° in all
the models we have tested. A user-friendly GUI has been concurrently de-
veloped, allowing users to manipulate and visualize the tetrahedral meshes.
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1 Introduction

The finite element method (FEM) has been a very popular numerical ap-
proach for solving partial differential equations in many applications.
There is an increasing need on quality and adaptive tetrahedral mesh gen-
eration, as the success and efficiency of FEM-based simulation largely re-
lies on the quality and adaptivity of tetrahedral meshes being used. In the
last two decades, an extensive study on tetrahedral mesh generation has
been performed [2, 3]. To name a few, Zhang et al. [5] proposed an effec-
tive algorithm to extract adaptive and quality 3D meshes from 3D imaging
data by using the dual contouring method. The mesh generated by their
method is non-uniform on the boundary and adaptive inside. However,
there is no guarantee on the dihedral angles for the resulting tetrahedra es-
pecially those near the surface. Labelle and Shewchuk [1] presented an iso-
surface stuffing algorithm to generate tetrahedral meshes where the dihe-
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drals angles are bounded by [10.7°, 164.8°]. It is the first method offering
guarantee on dihedral angles. However, when non-uniform tetrahedra
along surface boundary are preferred, the range of dihedral angles becomes
[1.66°, 174.72°].

In the present work, we aim to generate tetrahedral meshes that are non-
uniform both on and inside the surface and have good dihedral angles too.

2 Tetrahedral Mesh Generation Algorithm

2.1 BCC Lattice Construction

A cubic bounding box of the input surface mesh is first generated. We then
take advantage of the top-down octree-based strategy to subdivide the
bounding box. To make non-uniform tetrahedral meshes on the surface,
some geometric criteria, such as curvature and the size of triangles inside
an octree node, are considered as well. In addition, the depth of interior
octree nodes is greater than that of exterior nodes. A conforming condition
is enforced so that the depth-disparity between face-adjacent octree leaf
nodes is never greater than 1. As a result, we have two cases to consider.

(1) O-depth-disparity. For the common face of two adjacent leaf nodes, we
consider the four edges of the face. If all four edge-adjacent leaf nodes
of one edge have the same depth, we use the traditional way to con-
struct the BBC tetrahedron; that is, using the center points of the two
face-adjacent nodes and two end points of this edge to form a tetrahe-
dron (see Fig. 1a). Otherwise, two BCC tetrahedra are constructed by
using the middle point of the edge (see Fig. 1b).

(2) 1-depth-disparity. We split the common quadrilateral face of two adja-
cent leaf nodes into two triangular faces along its diagonal. The center
point of each leaf node, together with three vertices of each split trian-
gular face, comprises one BCC tetrahedron (see Fig. 1c¢).

]

Fig. 1. llustration of the BCC lattice construction.
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2.2 Quality Tetrahedral Mesh Generation

After the BCC tetrahedra are constructed, we compute the scalar value for
each vertex of the tetrahedra using the Euclidean distance to the input sur-
face mesh S. Each vertices is associated with a sign: positive (inside S),
negative (outside S), and zero (on S). For interior tetrahedra, where all ver-
tices are labeled with ‘“+’ sign, we consider them as the final tetrahedra.
Tetrahedra with all vertices labeled with ‘-’ sign are removed. Then, the
remaining problem is how to deal with the BCC tetrahedra crossing the
surface mesh. To this end, we make use of the marching tetrahedra algo-
rithm to split the boundary tetrahedra into inside and outside parts.

The original marching tetrahedra algorithm is able to produce smooth
triangular meshes but very small angles are often encountered. Conse-
quently, the decomposed tetrahedra would contain small dihedral angles
too. To eliminate these sharp triangular faces, we change the scalar value
of a BCC tetrahedral vertex to zero using the following criterion. For each
cutting (or intersection) point P on an edge e, if the distance from P to the
closer end point of e is less than a preset constant lambda multiplied by the
length of e, then the corresponding end point is reassigned with the scalar
value zero. The modified distance function defined on all tetrahedral ver-
tices is then used by the original marching tetrahedral algorithm. Although
this modification can generate better dihedral angles, the price paid is that
the resulting surface mesh is not as smooth as the one generated by the
original algorithm. This will be addressed below.

With the modified marching tetrahedral algorithm, the boundary BCC
tetrahedra are split into inside and outside polyhedra. The outside part is
removed, while the inside polyhedron is further decomposed into tetrahe-
dra. Fig. 2 lists all possible cutting stencils.
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Fig. 2. Cutting stencils for boundary BCC tetrahedra. Vertices of the BCC tetra-
hedra are labeled with their signs: + (red), - (blue), and 0 (green dots). The cutting
points are white, and the inside polyhedra are yellow.
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There are different ways to decompose a polyhedron into tetrahedra.
Taking the dihedral quality of tetrahedra into consideration, we employ an
optimal scheme described below. Note that ambiguous cases always occur
at the quadrilateral face of the polyhedron containing two cutting points.
Suppose a triangular face with vertex (a, b, ¢) and two cutting points py, p»
on edge ab and ac, respectively (see Fig. 3a). The quadrilateral face of the
polyhedron is composed of vertex b, ¢ and cutting point p;, p,. We calcu-
late the lambda values L=||p;-all/||b-a||, h=||p2>-all/|lc-a|| for p;, p,. If & is
less than A,, we then split the quadrilateral face along the diagonal p,-b;
otherwise, the face is divided along the diagonal p,-c (see Fig. 3b & ¢).
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Fig. 3. An optimal scheme for splitting the quadrilateral face of a polyhedron.

The combination of the modified marching tetrahedral algorithm and the
optimal decomposition strategy gives good dihedral angles both inside and
on the surface. However, as we mentioned earlier, the modified marching
tetrahedral algorithm produces good angles but less smooth surface. We
thus utilize the normal-based surface smoothing technique [4] to reduce
the bumpiness on the surface of the tetrahedral mesh. To keep the good di-
hedral angles already achieved, we restrict the smoothing (or vertex-
moving) to where no worse dihedral angles are introduced.

3 Results and Discussion

All algorithms described have been implemented with Visual C++ and
OpenGL in our BIMoS toolchain (www.bimos.org). In Fig. 4 and Fig. 5,
we show the tetrahedral mesh generation results from a molecular surface
mesh (2CMP) and the Stanford bunny model respectively. From the cuta-
way views in Fig. 4, we can see the tetrahedral mesh is adaptive from inte-
rior to boundary. Fig. 5 further shows that the tetrahedral mesh on the
boundary is non-uniform depending on the curvature. The histograms of
the dihedral angles in both examples are given in Fig. 6(a) and (b), respec-
tively. The limitation of the proposed method is that sharp corners and
edges of the original surface mesh may get rounded off, due to the march-
ing tetrahedra algorithm. Our on-going work is to provide a provable guar-
antee of the min/max dihedral angles of any tetrahedral meshes generated.
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Fig. 4. A 209,475-tetrahedron mesh generated from the molecule model 2CMP.
The mesh gradually becomes denser from the interior to the boundary.

The tetrahedra on the boundary are also adaptive, depending on the curvature.
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Fig. 6. Histograms of the dihedral angles of the above two examples. The min and
max dihedral angles are [7.13°, 161.71°] and [6.23°, 169.39°], respectively.
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