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Abstract. In this paper, we present a surface-fitting based smoothing algorithm for discrete,
general-purpose mesh models. The surface patch around a mesh vertex is defined in a local
coordinate system and fitted with a quadratic polynomial function. An initial mesh smooth-
ing is achieved by projecting each vertex onto the fitted surface. At each vertex of the initial
mesh, the curvature is estimated and used to label the vertex as one of four types. The cur-
vature-based vertex labeling, together with the curvature variation within a local region of a
vertex, is utilized to adaptively smooth the mesh with fine features well preserved. Finally,
three post-processing methods are adopted for mesh quality improvement. A number of
realworld mesh models are tested to demonstrate the effectiveness and robustness of our
approach.

Keywords: Surface mesh smoothing, Quadric surface fitting, Curvature labeling, Mesh
quality improvement.

1 Introduction

The surface reconstruction and visualization from 3D imaging data have found
wide applications in biomedical fields, such as computer-aided diagnosis,
intervention planning, and realistic pathological analysis and prediction. The
models used for such purposes are typically represented by surface meshes in
triangular or quadrilateral forms. Going from imaging data to surface meshes
involves a number of computational approaches. Two of the critical steps are
image segmentation and surface mesh generation and processing. In digital
images, image segmentation normally produces a vast number of discrete voxels
(small cubes) that approximate the boundary of an object of interest. These voxels
can certainly be converted into surface manifolds represented by quadrilateral
meshes by extracting the faces of the cubes that face towards either outside or
inside of the boundaries. But the resulting meshes suffer from an extremely
bumpiness on the surface, as shown in the examples in Fig. 1. One of the goals in
the present paper is hence to smooth a given mesh to reduce the bumpiness on the
surface.

: Corresponding author.
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Fig. 1. Examples of surface meshes generated from image segmentation. The meshes ap-
pear very bumpy without further mesh processing.

Surface mesh smoothing has been studied for decades. Laplace iterative
smoothing is one of the most common and simplest techniques for mesh
smoothing [1-5]. During each iteration, each vertex of a mesh is adjusted to the
barycenter of its neighboring region. It is very fast but often results in volume
shrinkage. Taubin [2] used a signal processing method, the Laplacian operator, to
fair surface design and reduce the shrinkage. Desbrun et al. [3] extended Taubin’s
work to smooth irregular meshes by using geometric flows. Their approach
provides a better way to prevent the volume shrinkage. Peng [6] presented a
denoising approach for geometric data represented as a semiregular mesh on the
basis of locally adaptive Wiener filtering.

Other popular smoothing approaches include the energy minimization
techniques. Kobblet [7, 8] proposed a general algorithm to fair a triangular mesh
with arbitrary topology in R by estimating the curvature for the discrete mesh
model. Welch and Witkin [9] described an approach to designing fair, freeform
shape by using triangulated surfaces. These methods are time-consuming due to
the complicated energy functions that need to be solved.

Recently, feature-preserving smoothing methods [10-21] have drawn more and
more attentions. Jones et al. [19] developed a feature-preserving smoothing
algorithm by adopting statistics and local first-order predictors of triangulated
surface meshes. Bajaj et al. [20] proposed a PDE-based anisotropic diffusion
approach for processing noisy geometric surfaces and functions defined on
surfaces. Li et al. [21] adopted the weighted bi-quadratic Bezier surface fitting and
uniform principal curvature techniques to smooth surface meshes.

In the present paper, we describe a novel approach, combining the surface
fitting, curvature estimation, and vertex labeling, to smooth meshes. Beside the
surface smoothness that we shall demonstrate below, Antoher main goal in this
paper is to preserve or improve the mesh quality so that the processed meshes
have no sharp angles. The mesh quality is extremely critical in some applications
such as the numerical simulation using finite or boundary element methods.
However, not all meshes that appear smooth have high quality in terms of angles.
For example, the marching cube algorithm can be used to generate a very smooth
surface triangulation of a volumetric function but the resulting mesh usually
suffers from too many sharp or skinny angles, which often cause poor accuracy in
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numerical simulation. To this end, improving mesh quality, sometimes also
referred to as mesh smoothing, is taken into serious consideration in our
algorithms presented here.

While triangular surface meshes are perhaps the most common form in
representing a 3D model and a majority of previous work has been focused on this
type of meshes, we will consider in this paper quadrilateral meshes, especially
those extracted from 3D imaging data and represented by cube-like bumpy
meshes. The resulting meshes will be smoothed quadrilateral meshes with
improved quality, which can be readily converted into triangular meshes if
needed. In addition, the data structures we used can be easily modified to read
triangular meshes as inputs. In other words, the approach we propose here will
provide a general-purpose tool for mesh processing in a variety of applications.

2 Surface Mesh Smoothing Algorithm

Our algorithm includes four steps. At first, the geometric and topological
relationship is constructed from the input surface mesh model. For each vertex, we
construct a local coordinate system and then fit the neighboring vertices in the
local coordinate system with an analytical quadric surface function. The vertex
being considered is projected onto this quadric surface. The initial mesh
smoothing is achieved by updating each vertex with its projection. Then, the
curvature of each vertex is estimated based on the first and second fundamental
forms of its quadric surface obtained and then the vertex is labeled with the
corresponding type. Additionally, for each vertex, the size of its neighborhood is
dynamically determined according to the curvature and vertex type so that the
mesh is adaptively smoothed by similar approaches as in the first step. Finally, the
mesh is further improved with a few post-processing algorithms.

2.1 Initial Mesh Smoothing

The local surface patch around a point can be approximated with a quadric surface
[22]: S(u, v)=(u, v, h(u, v)), a parametric representation in a local coordinate sys-
tem as shown in Fig 2, where p is the origin; h-axis directs along the normal vec-
tor n of p on §; and u-, v- axes are orthogonal vectors in the tangent plane of p on
S. Obviously, the local coordinate system (p-uvh) can be transformed from the
global coordinate system (0-xyz). According to the surface theory [23], the local
shape of surface around p can be represented with Darboux system D(p) = (p, T,
T,, n, ky, k), where (T}, T»), (ky, ky) are principal directions and curvatures, respec-
tively.

We extend this principle to discrete mesh models and construct the local
coordinated system for each vertex on the meshes. Since the construction of a
local system mainly relies on the h-axis, i.e., the normal vector of the vertex, we
first estimate the normal vector for each vertex with the area-weighted averaging
method.
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Fig. 2. An illustration of the local coordinate system on a surface

Let NV_i(k) be the set of neighboring vertices of vertex v; within the k-ring
(that is, the minimum number of edges from v; to the neighboring vertices is equal
to or less than k), E_i = {<v;, vi>Iv;ENV_i (1)} the set of edges incident to v;, and
F_i the set of faces incident to v;. Then the normal vector n; of v; is calculated as:

n, :%Z(areafj n, ), f,eF_i. (D

J=1

where areay, ny are respectively the area and normal vector of face fin F_i. After
the normal vector n; is calculated, we consider v;, n; as the origin and z-axis of the
local coordinate system respectively. Then the x- and y- axes of the local
coordinate system are arbitrarily chosen in the plane locating at v; that is
orthogonal to the normal #;.

Fig. 3. The 2-ring neighboring vertices at a vertex. The minimal number of edges from
these vertices to the center vertex is equal to or less than 2.

After constructing the local coordinate system, we find all the neighboring
vertices for each vertex with a ring-by-ring scheme, referred to as the k-ring
neighborhood. At the initial mesh smoothing phase, k is fixed as 2 in our algo-
rithm. Fig. 3 shows the 2-ring neighboring vertices of v;, in which the red and blue
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vertices are the first and second ring neighboring vertices respectively, and all
these vertices constitute the 2-ring neighbors of v;.

For each vertex, the global coordinates of all the neighboring vertices are
transformed to the local coordinates by homogeneous transformation and then the
local coordinates are used to fit an analytical quadric surface:

h(u, v) = au® + buv + cv* +eu +fr+g 2)

In our algorithm, the least square fitting method is adopted. Let V_i = {<x;, y;,
z>1j=1,2, ... m} be the local coordinates of 2-ring neighboring vertices of vertex
v;. The objective function of the least square quadric surface fitting can be
expressed as:
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where w; is the weighting function defined below. It is observed that the closer the
neighboring vertex to v;, the more it affects the surface shape. Therefore, w; can be
represented as
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The linear equations can be solved with Gaussian elimination method [24],
which yields the coefficients of the quadric surface. The vertex v; is then projected
onto the fitted quadric surface along its normal vector. Since its normal vector is
exactly the z-axis in the local coordinate system, the coordinate of the projected
point of v; should be (0, 0, g) in the local coordinate system. Its global coordinate
is calculated by the coordinate transformation from local system to global system.
Finally, the vertex v; is updated with the global coordinate of its projection. The
above steps are performed for every vertex, yielding what we call the initial mesh
smoothing. Fig. 4 shows mesh smoothing of two simple models.



200 J. Wang and Z. Yu

Fig. 4. Two examples of initial mesh smoothing. The first and third from left are the origi-
nal models and the other two are meshes after smoothing.

2.2 Curvature Estimation and Labeling

Meshes generated in the initial smoothing step are much better than the original
meshes but may not be good enough for subsequent applications if the original
meshes are too bumpy. In our algorithm, an adaptive mesh smoothing algorithm is
proposed to further smooth the meshes by taking advantage of the same surface
fitting technique as seen in Section 2.1 but the size of the neighborhood
considered adaptively changes according to the local geometric properties as
explained below.

Many features in the real-world structures/models are usually defined on the
basis of curvature variance of the surface meshes. When an input mesh, such as
the cube-based meshes in Fig. 1, is too coarse, we cannot accurately calculate the
curvature information. However, this becomes much less problematic after the
initial mesh smoothing. To further smooth a mesh and preserve the features in the
model, the same surface fitting and vertex projection schemes as in initial Section
2.1 are adopted, whereas the ring number of neighboring vertices for surface
fitting is dynamically determined based on the curvature variance. In this
subsection we introduce how the curvatures are analytically calculated and used to
label the vertices.

In the initial mesh smoothing, each vertex is associated with a quadric surface
using the least squre fitting technique. Since each vertex has been adjusted to its
projection in the normal direction, it is straightforward to calculate the curvature
of the vertex on quadric surface by using the first and second fundamental forms
of a surface. The analytical form of the quadric surface of a vertex v; can be trans-
formed to the parametric form as:

S =(u, v, h(u, v)) (6)

The coefficients of the first and second fundamental forms of the quadric sur-
face at v; are calculated as:

Eelee? L=2a/\Je + f>+1
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The Gaussian and mean curvatures at v; are then given respectively as follows:

LN -M* dac-b’

Vi = 2 = 2 2 2 (8)
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The Gaussian and mean curvatures of a mesh face face; with vertices v, v, ...,
Vv,, are approximated as:

1 m 1 m
Kfacei = _Z Kv,» and Hfuc('i = Z Hv] (10)
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After the Gaussian (K) and mean (H) curvatures are obtained, all the mesh ver-
tices and faces are labeled with the corresponding type. In particular, the signs of
K and H define the surface type and the values of K and H define the surface
sharpness. Besl and Jain [25] proposed eight fundamental surface types using the
signs of K and H as shown in Table 1.

Table 1. Eight fundamental surface types

K>0 K=0 K<0
H<O0 Peak Ridge Saddle ridge
H=0 N/A Flat Minimal surface
H>0 Pit Valley Saddle valley

In our algorithm, four simplified types are considered: convex, flatten, minimal
and concave. In Table 1, the convex type includes peak, ridge and saddle ridge
surfaces; the flatten and minimal types only includes flat and minimal surfaces re-
spectively; and the concave type contains pit, valley and saddle valley surfaces.
These surface types are extended to mesh vertices. After the curvatures are calcu-
lated, the faces and vertices are labeled with the criterion in Table 2.

Table 2. Four surface types

Surface/Vertex type Signs of H & K
Convex type H<0
Flatten type H=0

Minimal type H=0&&K<0
Concave type H>0

2.3 Adaptive Mesh Smoothing

After curvature-based vertrex labeling, the whole mesh is segmented into four
types of features, each of which consists of topologically adjacent vertices and
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faces with the same surface type. In order to further smooth the mesh model, the
quadric surface fitting on each vertex is performed in a similar way as in Section
2.1, and the vertex is adjusted by projecting onto the fitted surface. Meanwhile, to
preserve the features of the mesh model during the smoothing process, the
neighboring vertices used in the surface fitting here should have the same type as
that of the center vertex. As a result, these four types of features will be preserved
after smoothing.

However, there are cases in which more than one feature may be seen in a
segment having the same surface type. Consequently, if the vertex type was
considered as the only criterion for definging the neighborhood of the vertex in the
quadric surface fitting, many sub-features would be filtered. To address this issue,
the standard deviation of curvatures within the neighborhood chosen is used as an
additional constraint to determine the neighborhood size to preserve the sub-
features in a mesh. The standard deviation of curvatures in a neighborhood of a
vertex should be bounded by a pre-defined threshold.

Below we give the detailed algorithm of adaptive mesh smoothing. Let V = {v,,
vy, ... ¥y} be the set of mesh vertices after initial mesh smoothing; T = {7, 5, ... t,}
the types of vertices; k the fixed ring number in the initial mesh smoothing and
tmpVerArray the temporary vertex array. k is set as 2 by default. For each vertex v;,

Step 1. Search its k-ring neighboring vertices and calculate the standard deviation
oy of curvatures of all such vertices;
Step 2. Set tmpVerArray = NULL. For each vertex v; in the set of the outermost
(k-th) ring neighboring vertices,

i) if the types f and ; of v; and v; are same, add the v; into tmpVerArray;

ii) otherwise, go to step 4.
Step 3. Calculate the standard deviation 6y, of curvatures of k-ring neighboring
vertices together with vertices in tmpVerArray.

i) if oy, is less than o, add each vertex of tmpVerArray into the neighboring
vertices and update k«—k+1, 6,0y, ; then go to step 2;

ii) otherwise, go to step 4.
Step 4. Fit the k-ring neighboring vertices of v; with a quadric surface and project
v; onto the surface to get the vertex v;’;
Step 5. Adjust v; to v/, i.e. vy,

During the smoothing processes, we adjust mesh vertices by updating their
coordinates, while the geometric and topological relationship of the mesh model
remains unchanged, which reduces the space and time complexity of this
smoothing algorithm.

2.4 Mesh Quality Improvement

When the input mesh has complicated features and the resolution of the mesh is
not high enough to capture the features, the smoothing approaches described
above may produce some unwanted errors or low-quality meshes, such as twisted
polygons, very short edges, or very sharp angles. Below we briefly describe the
strategies to handle these three cases.
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Twisted meshes. Normally, the four vertices in a quadrilateral should be ar-
ranged in order (e.g., counterclockwise), while in a twisted quadrilateral, the
vertices are arranged in a “Z” shape. Fig. 5(a) shows the twisted meshes,
mesh,, mesh, and Fig. 5(b) gives the corresponding meshes after adjustment.
In order to detect whether a quadrilateral is twisted or not, we use the normal
vectors of the two triangles associated with the quadrilateral. In a regular
quadrilateral the angle between the normal vectors ny,3, n34; of the triangles
ViVavs, Vavgvy is less than90°, as shown in Fig. 5(c). By contrast, the angle
would be more than 90°in a twisted quadrilateral (see Fig. 5(d)). A twisted
quadrilateral usually occurs in conjunction with its opposite quadrilateral
sharing the same edge. Therefore, the common edge (v;v, in Fig. 5(a)) be-
tween a pair of twisted quadrilaterals can be easily identified and its end
points are swapped to cure this problem.

V.

mesh,

VS Ve l«'5 Ve

(a) Twisted meshes (b) Vertex swapping

n,, R34

4

34

o3

3
V2

(c) Vertex arrangement in regular mesh (d) Vertex arrangement in twisted mesh

Fig. 5. llustration of handling twisted meshes

Meshes with short edges. This occurs when the length of one edge of a quad-

rilateral is shorter than a pre-defined threshold (for example, see v,v, in Fig.

6). The steps to correct this type of meshes are described as follows. For the

end point v, of a short edge v,v,,,

— Find the two associated edges vv;, viv4in the meshes, mesh,, mesh,, con-
taining v;v,,

— Compute the bisector ¢; of Zv,v,v, and a plane pin passing through c,

and the vector v,V XV, ;
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— Find the intersection point p; between pln and the edges of all the poly-
gons incident to vy;

For the other end point v,, its intersection point p, can be computed in the
same way. Then, the trisected points V',,V', are determined on the polyline

D,V,V, P, such that the lengths of pv'/, v' v,v,v', and v', p, are equal.

Finally, v,, v, are updated with v',, v', such that the short edge is pro-
longed (Fig. 6).

V4

Fig. 6. lllustration of handling short edges

Meshes with shape angles. When an internal angle of a mesh is smaller than
a pre-defined threshold, the mesh needs to be improved. To this end, we adopt
the angle-based approach as described in [26]. For the vertex v, with sharp
angle, we consider the surrounding incident vertices and calculate the bisector
of each of the angles formed by adjacent vertices on that ring. Then v, is pro-
jected onto each bisector (see the blue points in Fig. 7). Finally, the centroid
of all these projection points is calculated and used to update v, so that the
sharp angle can be improved (Fig. 7).

Fig. 7. llustration of handling sharp angles
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3 Implementation and Results

All algorithms described have been implemented in Visual C++ and OpenGL,
running on a Pentium IV PC configuration with 3.0G Hz. Many 3D surface mod-
els have been tested and a couple of them are demonstrated here.

Fig. 8 shows the smoothing result of the 2CMP molecule, randomly chosen
from the Protein Data Bank (http://www.rcsb.org/). The original mesh in Fig. 8(a)
was generated using the approach described in [27]. The initial mesh smoothing
gives the result as shown in Fig. 8(b). The curvature labeling is performed and
shown in Fig. 8(c), where the patches in green and red are convex and concave
surfaces respectively. A smoother mesh is achieved by the adaptive mesh smooth-
ing, as seen in Fig. 8(d). However, there are still some defective polygons in the
smoothed mesh, as shown with small dark dots in Fig. 8(e). The meshes after the
quality improvement are shown in Fig. 8(f). To estimate the smoothness of a sur-
face mesh, we calculate the curvature variation at each vertex as the maximal dif-
ference between the curvature of the vertex and the curvatures of the surrounding
vertices. The average curvature variations over the entire mesh of 2CMP are
0.5032, 0.3529, and 0.0921 in the original mesh, the mesh after initial smoothing
and the adaptively smoothed mesh respectively, suggesting that the proposed
adaptive mesh smoothing method is effective in smoothing a surface mesh. Fig. 9
gives the result of another molecule called 2HAO, taken again from the Protein
Data Bank. There are 72098 and 228132 vertices in the 2CMP and 2HAO models,
and the computational time is 31.51s and 92.24s respectively.

As mentioned in the introduction, the marching cube method is able to produce
smooth surface meshes, but many skinny triangular meshes are generated as well.
For instance, the angle histograms of several molecular surface meshes generated
by the marching cube method are shown in [28], where one can see a lot of very
small (near 0°) and large angles (near 180°). To demonstrate the quality of the
meshes , the angle histograms of the meshes generated with our method are plot-
ted in Fig. 10, where the angles used are the internals angles of all the triangles ob-
tained by dividing each quadrilateral into two triangles. It is interesting to observe
that there are two obvious peaks in the histogram: one around 60° that corresponds
to equilateral triangles and the other around 90° indicating that a large number of
regular (equilateral) quadrilateral have been kept after the mesh smoothing.

Fig. 11 demonstrates the mesh smoothing results from 3D imaging data. Fig.
11(a) shows a cross section of the 3D cryo-electron microscopy reconstruction of
the rice dwarf virus. The initial surface mesh, shown in Fig. 1(a), was generated
using the 3D image segmentation algorithms [29]. Fig. 11(c) shows the surface
mesh after applying the smoothing techniques as described in Section 2. Fig. 11(b)
shows a cross section of the 3D electron tomographic reconstruction of the ventri-
cle muscle cell. The initial surface mesh, illustrated in Fig. 1(b), was extracted us-
ing automatic image segmentation methods [30]. Fig. 11(d) shows the mesh after
our smoothing algorithms. From both examples, we can see that our mesh smooth-
ing approach can be used in conjunction with image segmentation for a variety of
3D biomedical imaging data.
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(a) 3D mesh model (b) Initial mesh smoothing

(e) Defective meshes after mesh smoothing (f) Final smoothed meshes

Fig. 8. Example of mesh smoothing for the molecular model 2CMP
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(a) 3D mesh model

(c) Curvature labeling (d) Final smoothed meshes

Fig. 9. Mesh smoothing of the molecular model 2HAO
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Angle Histogram

16 T ——cmp
1L ——2HA0

Percentage (%)

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180
Angle (0-180)

Fig. 10. Mesh angle histogram of models: 2CMP and 2HAO

(a) p8-monomer image (b) T-tubule image

(c) Final smoothed meshes (d) Final smoothedmeshes

Fig. 11. Mesh smoothing of surface models extracted from 3D imaging data. (a) & (c):
a cryo-electron microscopy reconstruction of the rice dwarf virus (courtesy of Dr. Wah
Chiu, Baylor College of Medicine). (b) & (d): an electron tomographic reconstruction of
ventricular cells (courtesy of Dr. Masahiko Hoshijima, UC-San Diego).

4 Conclusions

We have presented in this paper a novel mesh smoothing method based on quadric
surface fitting for general mesh models. The fitting algorithm is combined with
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vertex projection, curvature estimation, and mesh labeling of four types. Based on
the geometric characteristics of surfaces, the adaptive mesh smoothing is
conducted to further smooth meshes while important features are well preserved.
To improve the mesh quality, three adjustment methods are adopted to handle
defective meshes.

Our mesh smoothing algorithm can handle a variety of meshes, including
molecular models, imaging data and industrial surface meshes. As demonstrated in
the results, our method can generate meshes with high quality, i.e., no sharp angle
or short edge in the output meshes. This is particularly useful and sometimes
necessary in such applications as surface reconstruction, visualization, and
numerical simulation. While the examples demonstrated here are all quadrilateral
meshes, our method can be easily modified to handle triangular or other types of
surface meshes.

Due to the quadric model being used to approximate the local shape of a
freeform surface, there may be some cases where our method does not work
perfectly. Such cases include very sharp and thin features and meshes with too low
resolutions to capture the features of interest. One of our future efforts is to detect
these ill-posed regions and apply mesh subdivision techniques to increase the
mesh resolution so that our method can work more effectively in these circum-
stances. There are still a few small angles persisting in the final meshes as can be
seen in Fig. 10. We shall work on better methods to handle these cases during the
vertex projection step. While sharp edges or corners are not commonly present in
the biomedical examples we have tested, these features will be taken care of in our
future work by making a good balance between sharp features and possible
surface noises.
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