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ABSTRACT

A synthesis of various algorithms and techniques used for modeling and evaluating facet-based surfaces for 3D surface mesh
generation agorithms is presented, including implementation details of how these techniques are used within an existing mesh
generation toolkit. An object oriented data representation for facet-based surfaces is described. Numerica techniques for
describing G* continuous curves and surfaces from triangles forming quartic Bézier triangle patches is presented. A combination
of spatial searching and minimization techniques to solve the smooth surface projection problem are described. Examples and
performance of the proposed methods are put in context with relevant surface mesh generation problems.
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1. INTRODUCTION

Computational simulations of physical processes modeled
using finite element analysis frequently employ complex
automatic mesh generation techniques. Robust geometric
representations of the physical domain are generaly
required in order for mesh generation algorithms to be
reliable. Solid models or boundary representation (b-rep)
models are most frequently employed, typicaly provided
through a commercia computer aided design (CAD)
package or third party library.

Since automatic mesh generation algorithms must mesh an
underlying solid model, a geometry kernel is frequently
provided via an application programmers interface (API).
A small set of geometry and topology queries are sufficient
to provide automatic mesh generation algorithms with
enough information to generate a mesh for computational
simulation.

Since mesh generation algorithms usually access the
geometry representation via an API, any underlying
representation of the geometry may be used, provided it
meets the requirements of the prescribed API. In most
cases the underlying API is a b-rep model where curves and
surfaces are described by analytic expressions or non-
uniforms rational b-splines (NURBS). B-rep models based

on NURBS have become commonplace in the computer
aided engineering (CAE) community. Popular CAD
modeling packages use NURBS as the basis of their
geometry kernels, frequently integrating automatic mesh
generation algorithms as an added feature.

In recent years, facetted models have become more
important as an aternative geometry representation from
NURBS representations. Complete 3D geometric models
can be represented as a simply connected set of triangles.
In many cases, facetted models may be preferred or may be
the only representation available. For example, where
natural processes are simulated such as in bio-medical or
geo-technical applications, NURBS representations can be
difficult or impossible to fit to the prescribed data. Even if
an initial NURBS representation is used to model a
machined part, subsequent large deformations computed
from an FEA analysis may make the NURBS data
irrelevant. A facetted model may be the only alternative
for remeshing or refinement on a deformed model.
Additionally, facets in the form of STL (stereo lithography)
or graphics files, may be a convenient or even last-ditch
form of geometry transfer when other representations are
unavailable or inadequate. Furthermore, in some cases a
legacy FEA mesh may be the only geometric representation
available of the model. Extracting the surface faces from
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the elements to form facets is one aternative to provide a
geometric model for subsequent design studies.

In the ideal case, mesh generation software has been
designed to work through a generic API, not relying on any
specific geometry representation. When this is the case, a
facetted representation may conveniently replace or serve
as an aternative geometry kernel with little or no change to
the mesh generation agorithms themselves. The objective
of the current work isto propose such a system. Significant
prior work has gone into developing a mesh generation
toolkit [1], consisting of a wide variety of agorithms
[2,3,4,56] that will access a generic geometry kernel
through a common geometry module [7]. Although the
commercial third party library, ACIS [8], has been
successfully used as a NURBS-based geometry kernel, an
aternative facet-based geometry representation is
proposed. It does not necessarily replace the ACIS
representation, but serves to enhance the existing capability
of the mesh generation toolkit.

This work is a synthesis of a variety of agorithms and
techniques used to successfully model surfaces for
purposes of mesh generation. This work does not present
or promote any specific meshing algorithm, but instead
proposes a geometry system that can be utilized by a
generic 3D meshing algorithm.

We first present some background to the problem in order
to put the subsequent discussion into perspective. We will
then describe the data representation used followed by a
detailed description of the numerical formulation of the
surfaces. Details of how the facetted surface representation
is used within the context of 3D surface meshing will then
be described aong with relevant performance data
Finally, severa examples will be presented, showing
typical use of the facetted representation for 3D mesh
generation.

2. BACKGROUND

2.1 Previous Work

Severa authors have presented similar facet-based systems
for use with specific mesh generation agorithms. For
example, Rypl and Bittnar [9] propose a method for
evaluating facet-based surfaces based upon interpolation
subdivision. This method utilizes the hierarchal recursive
refinement of the facets. Control points for a triangular
Bézier patch are positioned by computing a weighted
average of neighboring nodes resulting in a C' surface.
Their facet-based surface representation is employed with a
3D advancing front triangle meshing algorithm. Frey and
George [10] aso provide details on the use of triangle
Bézier patches for modeling surfaces of prescribed
continuity for application to finite element mesh
generation.  Additionally, Frey [11], and Laug and
Borouchaki [12] address issues related to parametric space
mesh generation on facet-based surfaces. The current
effort, in contrast addresses integration of a facet-based
system as a geometry kernel for 3D surface mesh
generation.

The current work extends the previous work of the authors
[13] where a method for decomposing a finite element
model to generate a complete geometric model for mesh
generation was proposed. Sets of facets were generated
and grouped together to form surfaces based upon user
defined feature angle criteria and boundary condition data.
The current work assumes that facets have been adequately
grouped into topological surfaces as described in[13].

2.2 Surface Meshing

Surface meshing algorithms may be characterized as either
parametric or 3D. A parametric surface-meshing algorithm
creates the mesh in a two-dimensiona space, mapping the
final nodal coordinates to three dimensions only as a fina
step. Many examples of parametric surface meshing exist
in the literature [14,15,16]. Fundamental to parametric
meshing is a global 2D parametric (u,v) representation for
the entire surface.  NURBS representations provided by
CAD modelers conveniently provide this information. For
facetted models, however, surface parameterizations are not
easy to come by and are atopic of active research [17,18].

3D meshing agorithms, on the other hand, do not require
an underlying parameterization. Rather than mapping
between 2D and 3D spaces, the meshing agorithm is
performed completely within the 3D space. The current
work restricts its application to 3D meshing agorithms,
leaving parametric meshing to subsequent research.
Paving [2] and 3D advancing front triangle meshing [19]
are examples of 3D meshing algorithms. These algorithms
begin with an outer loop of mesh edges and begin placing
elements on the surface marching systematically from the
boundary towards the interior. Fundamental to these
algorithms is the evaluation of the underlying surface. The
closest point or projection routine combined with surface
normal evaluations at a point are the main requirements
these algorithms demand of the geometry kernel. While in
most cases these functions are standard API calls available
from a NURBS-based geometry system, they must be
defined for a facet-based system. This work proposes
severa techniques for defining these routines for facet-
based representations.

2.4 G° Surfaces

The facet representation can be characterized by the
geometric continuity for which the composite set of
triangles comprising a surface will maintain.

For purposes of this work, we will not consider parametric
continuity (ie. C°, C2, ...), as 3D surface meshing schemes
will be employed. Instead G° and G' continuous
representations will be considered. Farin [20] details the
requirements of continuity across surface patches
composed of Bézier patches. Kashyap [21] addresses
higher order continuity between triangle patches.

A surface maintaining G° continuity guarantees only that
that the facet edges meet edge-to-edge, without gaps. In
this case, characteristic facets and ridges between triangles
may be evident. In many cases, G° is sufficient to
adequately characterize the surface for mesh generation.
Planar surfaces, surfaces with large curvature or surfaces



with sufficiently dense triangles to represent curvature, may
not require more than what a G facet representation will
provide. Since higher order representations will inevitably
be more expensive, the option to provide for G°
representations should be supplied in a facet-based
geometry kernel for mesh generation.

Triangles may be conveniently parameterized using
Barycentric coordinates. Instead of the standard u,v
parameterization of tensor product surfaces, three
parameters, u,v,w, are used, where u+v+w=1 and u,v,w =0.
Figure 1 shows the characteristic parametric domain for
any triangle.
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Figure 1. Barycentric coordinate system defined
on atriangle.

Using Barycentric coordinates (u,v,w) any point X in the
domain may be defined as:

X(u,v,w) =uP, +VP, +wP, @
where Py, Py, P, are the vertices of the triangle. In asimilar
manner, the normal at point X can be approximated as:

N, (u,v,w) =uN, +VN, +WN, 2
where No, N1, N, are the approximated normals at points
Po, Py, P, respectively.

2.2 G' Surfaces

It may be necessary to provide a smooth approximation to
the surface. To do so, Bézier triangular patches may be
defined. A degree n triangular Bézier patch may be
described with the following equation:

X(uv,w)= > B (uV,WP, ©)

i+j+k=n

Lol
B""*_nj!k!uvwk @

Pi;« are the control points of the triangle and B (u,v,w)
can be thought of as the weights at polar location i,j,k,
where i+j+k =n. Note aso that equation (1) can be
thought of as a special case of equation (3) where n=1. In
this case Bijk =1 for all |,J,k

Triangular polar values are a convenient way of
generalizing the control point indices for an arbitrary

triangle patch. For example, Figure 2 shows the polar
coordinate locations for triangle patches n=3 and n=4.
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Figure 2. Polar values for triangles patches of n=3
and n=4

It has been established that the minimum order of atriangle
Bézier patch necessary to model a G surface is n=4 [22].
For this case, equation (3) can be written as:

X(u,v,w) =Py, W+
4P, oUW’ + 4P, W +

013

6P, oUW +12P,  ,um® +6P, , VW + (5)
4P, , UW +12P, | uPvW +12P,, W*W +4P , VPw +
F)

, 0. 0U* + 4P, UV +6P, , uAZ +4P, , UV +P, , v*

Walton [23] describes a procedure for defining Py as a
function of the triangle vertex locations P; {i=0..3} and
normals N; {i=0..3}. The Walton patch is central to the
techniques proposed in the present work. How it is used
within the context of a practical geometry kernel for mesh
generation is the additional contribution proposed by the
current research and development effort. Definition and
implementation of the Walton patch is outlined in section 5.

Similarly, smooth normals for the quartic patch at X(u,v,w)
may be computed by evaluating a cubic Bézier patch.

N, (U, v, W) =N W+
3N, oUW + 3N , W +

2 2
204" W+6N,  uvw +3N , vew +

an (6)

3 2, 2 3
Ny ooU” +3N,, UV +3N,, uv +Ng, Vv

Assuming the normals at N30, Noso, and Nggs are the
computed normals at the triangle vertices Np, N; and N,
respectively, a procedure for computing the remaining N;; «
by extending the work of Walton isintroduced in section 5.

3. DATA REPRESENTATION

As dsated in the Introduction, facet-based surface
construction is employed in a variety of contexts. These
types of surfaces can be used to support mesh generation on
facet-based models. The method used to store and evaluate
the facet data can vary according to the source of those
data. For example, in the context of large-deformation
FEA, it is important to maintain links between the origina
mesh and the corresponding facets used to mode the
surface. Also, for these anayses, duplication and updating
of facet data can be problematic because of memory
limitations commonly found in parale computing



environments and because position and topology of facets
may be changing. Facets originating from STL or graphics
files may not have those limitations. In contrast, the
functions needed to support mesh generation do not depend
on the source of the facets being evaluated, and therefore
should look the same regardless of the facet representation.
We accomplish both these goals utilizing inherited classes
in C++ for our facet data structure.

We define a generic FacetEntity class, from which generic
Point, FacetEdge and Facet classes are derived. Contained
in these classes is the normal and control point data
necessary to describe the G' surface approximation. A
simplified representation of the data contained in these
classesisillustrated in Figure 3.

class FacetEntity {}

cl ass Facet public FacetEntity {
Vect or 3D *control Points;
Vect or 3D nor nal ;
Box boundi ngBox;
virtual get_points() = 0;

}

cl ass Facet Edge : public FacetEntity {
Vect or 3D *cont rol Poi nts;
Bool ean i sFeat ure;
virtual get_adjacent_facets() = 0;

class Point : public FacetEntity {
Li st <Poi nt Nor mal *> nor mal Li st;
virtual get_location() = 0;
virtual get_adjacent_facets() = 0;

cl ass Poi nt Normal (
Vect or 3D nor nal ;
int surfacel D

}

Figure 3. Simplified C++ classes used for defining
facet representation

These classes also support typical functiondity like point
location and point-edge-facet adjacency. These functions
are defined as virtual functions to allow representation-
specific versions to be implemented. An example
inheritance tree for the facet representation is illustrated in
Figure 4.

The actual implementation of the functions described above
isdonein classes derived from Facet, FacetEdge and Point.
We describe here two specific implementations: one that
stores the facet data in the actual derived classes, and one
that references those data from an analysis application. In
the first child class, PointData, the point data (i.e
coordinates and adjacency information) are stored in the
class and are used directly to implement the required
functions. Thisisillustrated in Figure 4 in the box marked
A. The second implementation example, in the FEAPoint
class, does not store the point data in the class; those data
are retrieved from the mesh objects in the FEA code, to
which the FEAPoint object keeps a pointer. Box B in
Figure 4 illustrates this case. Implementations of the
FacetEdge and Facet classes are similar to those for Point.

FEA, Madal D

Figure 4. Inheritance tree for object oriented facet
representation

The proposed object oriented implementation also leaves
open the possibility for additional code reuse. Other
applications need only supply the required topology
information for the facets in order to take advantage of the
proposed surface representation and eval uation.

4. FACET INITIALIZATION AND EVALUATION

The following procedure outlines the proposed process for
initializing facet-based surfaces for use as a geometry
kernel for 3D mesh generation. Figure 3 illustrates the
basic data needed to sufficiently describe the smooth
surface.  Control point and norma data necessary to
compute equations (5) and (6) are necessary. Depending
on the speed vs memory requirements of the application,
this data may be precomputed and stored with the facet
entities or may be computed only as evauations are
required. For the mesh generation applications used with
this work, it was found that pre-computing the normal and
control point data was more efficient.

It should be noted that curves and surfaces with zero
curvature can be accurately modeled with a G° surface
representation. Given that many surfaces used to model
machined parts have flat surfaces, it is worthwhile to check
for this condition and only initialize those with any
curvature. Furthermore, it may be worthwhile to perform an
initial decimation of the facets comprising the surface to
reduce memory requirements and increase the performance
of the closest_point operation discussed later.

The initidization procedure begins first with the
approximation of the normals at the Points. The normals
are then used as input to compute the control points on the
FacetEdges. Finally, the control point data on the Facetsis
computed using the FacetEdge control points. Details for
initializing each of these data objects is now described.

4.1 Points

The definition of Bézier triangle facets requires normals to
be provided or approximated at each of the facet vertices.
If normals are available from an external source, such as
those provided through an STL format, these should ideally



be used. If they are not provided, it is necessary to
approximate them. Reference [13] describes the method
used in the current work, defining the normal, Np at a point
as the weighted average of the adjacent facets, N;, where
the weight, w; is the normalized facet angle at the point.
Equations (7), (8) and Figure 5 describe this procedure.

Np =2 Njw, @)
W= ®
24

Figure 5. Definition of a normal at point P

At feature breaks, it is necessary to compute multiple
normas at a point, where the normal is the weighted
average of only the facet normals defined on a given
surface. Figure 3 describes the Point class as containing a
list of PointNorma objects. The PointNormal object
contains both the computed normal and a reference to the
surface to which it applies. It should be emphasized that
this extra information is only required at breaks or surface
boundaries to distinguish surface features and is only
alocated a the Points as needed to ensure minimal
additional memory overhead.

4.2 Facet Edges

To completely represent the quartic Bézier facet edge, five
control points are needed. In addition to serving as the
control points for the boundary curves, The control points
on the FacetEdges are utilized in the definition of the
triangle Bézier patches (discussed later) that are
immediately adjacent the FacetEdge. Adjacency
information provided by the data representation described
in the previous section is necessary to keep track of this
data and utilize it as necessary.

Since we may utilize the Point locations for the ends of the
Bézier curve, the remaining three control points, P; ;
{j=1..3} may be stored with the FacetEdge. In practice, the
required input to compute P;; (Figure 6) are the FacetEdge
endpoints P;, Pi.1, the surface normals, N;, N;,; and the
curve tangent vectors, T;, T;,; at the same points.

o Facel [ ™FacetEdpe

]
Figure 6. FacetEdge required input to compute
control points P;;

It is assumed that point P; and P, are provided. The
previous section addresses approximation of normals N;,
Ni,1. In order to maintain G° continuity between adjacent
facet-based surfaces, it is necessary to approximate the
curve tangents, T;, T;,;. For edges on the interior of the
surface where G' continuity is to be maintained, it is
sufficient to define both T; and T, as the direction of the
FacetEdge

T =T :L
I:)i+1_ H
For edges marked as Features, using equation (9) may
result in gaps between the facets as illustrated in Figure 7.
In this example a cylinder has been represented with a
coarse set of facets. Facet A and Facet B are on different
surfaces, but are required to meet a edge PP,;. Using
only the facet normas and the tangents of equation (9),
gaps between the facets would result in different P;; for the
same edge depending upon which facet is used for the
computation. This is illustrated in Figure 7 by (P;;)a and
(Pi))s computed from Facet A and Facet B respectively.
Instead, the following logic is employed:

©)

0|0

4L
Li L <cos(6), Litlia
T = Jui+ iz (10)
otherwise, L;
Li [Li4q <cos(@), Litbig
Tisy = i+l @)
otherwise, L;

where@is the user defined feature angle, and vectors
L;,Lj and L, are defined as:

P.,-P

L=t 0 (12
IP..-P]
P~ (P) e
g S 13
= P-P)e )
— (Pi+1)na<t ~ Pi+1 (14)

e H(Pi+1)ne<l - Pi+1H
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Figure 7. Cylinder represented by coarse facets.
Tangent vectors required to maintain G°
continuity between surfaces.

Figure 7 illustrates the location of point (P)ye and
(PisDnet- These are the previous and next vertices on
adjacent FacetEdges to P; and P, respectively that areon a
feature edge. Note that multiple feature edges may meet at
asingle point P. In this case, the appropriate selection of
(P)prev @d  (Pis)nex must be determined from local
topology by traversing FacetEdgesin order at P; and P;,; to
locate the next FacetEdge marked as a feature.

Armed with the six vectors described in Figure 6, we are
now prepared to compute the three control points P
{j=0..3}. The procedure used is defined in Walton and
Meeks [23], but is illustrated here for clarity. Note the
modification to the Walton patch to accommodate the
tangent vectors defined in equations (10) and (11) at feature
edges.

di =[R2 -R (15)
& = Nj Nj4p (16)
8 0=N; (17)
8 1= Njyg iy (18)
6(2a o + a8 1)
g = 8 o 2131,1 (19)
4-4§
6(2a 1 +aa g)
o = 31 31231,0 (20)
4-g
Vi1: pl + di (6T| _2,0Ni +UNi+1) (21)
’ 18
Vi,2 :Pi+1—di (6Ti+l+q§i +20Ni+1) (22)
1 3

B :Zpi +zVi,1 (23)

1 1
P =§Vi,1 +§Vi,2 (24)

3 1
F’|,3=2Vi,2+zp|+1 (25)

In the current work, P;; from equations (23) to (25) are
stored with the FacetEdge. To further ensure continuity
between facets on adjoining surfaces, it is necessary to
average the final locations P;; computed with respect to
each adjoining facet.

Since the objective of this exercise is to provide a means to
evaluate equation (5), the following correspondence exists
between the points P, defined with polar indices, P; and

Pioo=Po Posz1=Po1 Proz=Pu1 Ps10=Pa1
Poao=Pr Po22=Pos Poo2=Po Proo =P (26)
Poo4a=P> Po13=Poz P3g1=Piz Pi3o=Po3

4.3 Facets

Making use of the control points on the FacetEdges, the
quartic Bézier patch, control points Py 15, Py11 and Py 0N
the interior of the facet can now be defined. The locations
of these points are critical to describing G* continuity
between adjoining patches. Walton and Meeks propose a
method, whereby two candidate locations for interior
control points are defined for each FacetEdge, resulting in
six vectors G;; {i=0,1,2; j=0,1}. Final locations for interior
control points Py, P11 @and Py, are a function of the
evaluated (u,v,w) parameters and G;;. Once again the
procedure outlined by Walton and Meeks is described here
for clarity.

For each FacetEdge, i, in the Facet, compute the following:

Wio=Vi1-P 27
Wi1=Vi>-Vi1 (28)
Wis =R Vi (29)

1
Dio=PR _E(Pl,l+Pi) (30)
1
Di1=R1 —E(P|+1+Pi,3) (31)
A = N Wio (32)
0T
Wil
A= N xW, 5 (33)
2T
Wiz
A= Aot Ao (34)
1= T
||Ai,o +Ai,2||



D; o (W,
ho= T (35)
Wi oW o
D; ; (W,
A= Bt e 1 (36)
W, W, ,
Hio=DiglAig (37)
Hi1=Djq A5 (38)

The two control points G; o, G; ; with respect to FacetEdge i
may now be defined as:

1
Gio :E(Pi,l"'Pl,z)

2 1
+§/li oWi1 +§/‘i Wi (39)

2 1
+§/ui,OAi,l +§,Ui,1Ai,o

1
Gi1 :E(Pi,Z +P 3)

1 2
+§/li,oWi,2 +§/‘i,1Wi 1 (40)

1 2
t3H 0AI2 +§/1i,1Ai,1
In practice, the six control points, G;; are stored with the
Facet object. When the facet is to be evaluated, interior
control points Py, Pp1; and Pip; may be uniquely
evaluated as;

1
Pliy=—— (UG, +VG 41
1277 +v( 2,2 01) (41)
Pioq= ! (WGg, +UGqy) (42)
1217 02 11
Pr11= 1 (VG1o WGy ) (43
211 =y Vo2 21

Finally, in order to evaluate the Bézier facet at parameter
(u,v,w), equation (5) may be employed by using the control
points defined in equation (26) and equations (41) to (43).
Care must be taken to extract the appropriate control points
in the correct order from the FacetEdges and Points so that
control points P, are appropriately assigned.

4.4 Normals

Surface normals may be computed by evaluating the cubic
Bézier of equation (6). Once again the normals computed
at the facet vertices No, N3, N, can be used for the control
points Nzgo, Nozo and Ngos respectively. Left to be
computed are the seven remaining control points. two per
edge and one at the center of the triangle.

As with the calculation of the quartic control points,
depending upon the speed vs. memory requirements of the
application, the normals for the cubic patch of equation (6)
may be precomputed and stored, or they may be computed

only as needed. If they are precomputed, Two additional
control points per FacetEdge, Njo and N;; would be
computed and stored. In this case we may take advantage
of the cross edge derivative information computed in
equations (30) and (31).

D; g XW,;
N; - = i,0 i,0 44
™ [oroxWio] -
_ DigxWip
Ni’l_m (45)

The correspondence between the control points N;jy in
equation (6) and the N;; at the FacetEdges defined in
equations (44) and (45) isasfollows:
NS,O,O = NO NO,Z,l = NO,O N1,0,2 = Nl,O NZ,LO :NZ,O
NO,3,O = Nl N0,1,2 = NO,l NZ,O,l = Nl,l Nl,Z,O =N2,1 (46)
NO,O,S = N2
Remaining to be computed is the internal control point of
the cubic Bézier. This may be computed when the facet is

evaluated using the interior control points from the quartic
Bézier asfollows:

(Pl.z,l B P2.1.1) x ( P1.1.2

- (a7)

P2.1 1)

)

e H(PSLZ,:L - Pz,lyl) X(F)“v2 Faas

Figure 8. Quartic control point grid showing
relationship to cubic grid of normals.

In practice, rather than storing N;; for each FacetEdge, N;;
may be computed only as needed. Instead of regenerating
the cross derivatives D;; for equations (44) and (45), the
normals N;; can be derived directly from the control points
of the quartic Bézier in a similar manner to equation (47).
Figure 8 shows the relationship between the quartic control
point grid and the normals required for the cubic Bézier
patch. The normal of alocal triangle in the quartic Bézier
control grid should provide a sufficient approximation to
the cubic Bézier control points. Therefore, the control
points for the cubic Bézier can be determined as follows:



N ., = (Pi’j*l’k_Pi"lxivk)x(Pi,jﬂ,k _Pi+1,j,k)
- H(Pi’j*l’k_Rﬂxivk)x(Pivjﬂ,k _Pi+1,j,k)H (48)

{i+i+k=3{i,j.k=D

4.5 FacetEdge Evaluation

3D mesh generation agorithms frequently require the
curves to be evaluated. Since we have defined our curves
to be a set of FacetEdges, curve evauation can utilize the
control point information stored with the FacetEdge. One
approach is to utilize equation (5), setting one of the
parameters (u,v,w) to zero. This method however requires
computing unnecessary control point information on the
facet. Instead, the standard Bézier equation may be used:

P =Y BI(OR (49)

n! n=ij

B"(t) :m(l—t) t (50)

For the quartic case, evaluation of the FacetEdge, i, Bézier
curve at parameter t {0<t <1} using the facet vertices P,

P, and edge control points P;; (equations (23) to (25)) may
be defined as:

X0 =P@A-1)" +4P ,(1-1)’t +

(51)
6P, ,(1-1)*t* +4P, ,(1-O)t° +P_t*
The tangent vector along the edge may aso be computed
by evaluating a cubic Bézier.

(1) =T,A-1)° +3T, (L 1)t +3T,,(L O +T,,.£*(52)

where T; and T;,; are defined by equations (9) to (11) or
more generally T;; may be defined as:
T =P

i i+

P.{i=0.3 (53)

5. CLOSEST POINT

The most common APl request for 3D mesh generation
algorithms is the closest point, or surface projection: given
an arbitrary point in space, X, find the closest point on the
surface Xs.  Since this procedure may be called thousands
of times to mesh a single surface, an efficient method is
sought to perform this operation.

The closest point calculation involves two main steps. The
first task is selection of a small list of facets close to X
from which to evaluate. Once this is determined a
minimization procedure is employed for finding the closest
point on the facet and the distance from X to each facet in
the list is computed. The facet whose computed distance is
smallest is selected as X,

5.1 Closest Facet

An obvious solution to the closest facet problem is to
project point X to each of the facets in the surface and

select the point that is the least distance from X. Since this
would be very inefficient, the objective of the closest facet
procedure is to minimize the number of facets that must
eventually be evaluated. Various spatiad searching
techniques are available in the literature [24]. The
proposed method involves a combination of two methods.

5.1.1 Bounding Box Elimination Method

The first method is a smple bounding box elimination
method. In this case, the axis-digned bounding box of
each facet, B; is evaluated and stored with the Facet object
(see Figure 3). This may be done once for each facet upon
initidization of the facet surface. Care should be taken to
utilize the Bézier control points in the bounding box
calculation. Upon projection of point X, atrial axis-aligned
bounding box, By is defined around X such that (By)in =
X-0 and (By)max = X+0. & is a smal scaar distance
representative of the model size. In practice, the diagonal
of the model bounding box scaled by 107 is used as the
initial value of 9.

Facets selected to evaluate are only those where the
bounding box B; overlaps with By. For this method, every
facet on the surface must be checked and their bounding
boxes verified for overlap. If after checking every facet, no
bounding box B is found to overlap with By, 6 is scaled by
2, By is recomputed and the facets checked again. This
procedure continues, scaling & each time, until at least one
B; is found to overlap with Bx. For 3D mesh generation
algorithms, the point to be projected is generaly close to
the surface. As a result, in most cases, not more than a
single pass through the facets is required. Care should be
taken in choosing an initial 9, as choosing 6 too small could
result in multiple iterations through the facet list before
encountering any overlap. Choosing & too large, on the
other hand, may result in too many facets being selected to
evaluate. This procedure can become expensive as the
number of facets increase. For this reason an alternate
spatial search algorithm is utilized.

5.1.2 R-Tree Spatial Search

The dynamic index structure, R-Tree [25], is used to find
only the closest facets to evaluate. The R-Tree structure
was selected because of the multi-dimensional search
structure of the algorithm. Most spatial search algorithms
such as octrees and kd-trees [26], are typically only useful
for storing and retrieving k dimensional data. For instance,
problems, which involve finding the closest 3D point, can
be readily solved by octrees. Facet data, however, if
transformed into a single point would require nine
dimensional octrees (3 dimensions for each x-y-z location
of each point). Additionally, determining intersections in
nine dimensional spaces are often error prone. The R-Tree
defined by Guttman is specificaly designed to handle
mutli-dimensional search spaces efficiently. It isaheight-
balanced tree with its leaf nodes containing pointers to
Facet objects. The structure is designed so that only a
smal number of leaf nodes are visited for any search
operation, however the worst case of the algorithm is not
guaranteed to be faster than the traditional n? algorithm.
The balancing agorithm of the tree is such that this



extreme case will berare, and in practice the tree appears to
run at about O(n) where n is the number of facets.

Although relatively efficient, in practice, the overhead of
generating and utilizing the additional infrastructure of the
R-Tree is not worthwhile for small numbers of facets.
Timed tests indicated that using only the bounding box
eimination method was more efficient for up to
approximately 2000 facets. Where additional facets were
needed to represent a surface, R-Tree was able to improve
performance considerably. As a result, for the current
work, R-Tree is used only when the number of facets on a
surface exceeds 2000.

5.2 Closest Point on a Facet

Locating the closest point on a facet, F; can be performed
on the (hopefully) small list of facets determined from
either the bounding box elimination method or R-Tree
search. For G° surfaces, this is relatively straightforward,
asillustrated by the following procedure

5.2.1 Projection to a Linear Facet

1. Determine the closest point, X, to the plane
defined by F;.

d=N; X-N; [P, (54)
X, =X-dN, (55)

where N is the facet normal and Py isavertex on
F.

2. Determine if X, is inside F; by computing its
barycentric coordinates with respect to F;.
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If al parametersu,v,w > 0, then X = X,

4. Otherwise X, is outside F;. Find the closest point
to one of the facet edges or facet vertices.

Let P; {i=0,1,2} be the vertex locations on F;,
then project X, to the closest edge based on the

following:
u<o, 1
i=qv<0, 2 (59)
w<0, 0
b =IRea-P (60

Pa-R

E= I (61)
i
Vv, =X p~ P, (62)
|e :Vi I]Ei (63)
le =1;, P
Xs=1 1s<0, P (64)

0<lg<lj, P +Ele

5.1.2 Projection to a triangular Bézier Patch

To compute the closest point, X to the Bézier patich a
minimization algorithm must be employed. Numerical
minimization techniques are standard in the literature [27]
but are not common for this specific application. For
example, Ristic [28] suggests using the Downhill Simplex
Method for finding the closest point to a tensor product
NURBS patch with application to the NURBS registration
problem. Rypl and Bittnar [9] dso outline a method for
projecting a point to atarget triangle patch. In this case, we
present a line minimization technique tuned for use with
the triangle Bézier patch. This is utilized for purposes of
mesh generation since in general the initial guess will be an
excellent approximation to the actual point on the surface.
We attempt to minimize the distance d to the triangle patch
as:

(X = X(u,v,W))* +
(Yx —Y(u,v,w)* + (65)
(z, — z(u,v,W))?

where X(Xy,Yy,2) is the point to be projected and the
location Xg = (X(u,v,w), y(u,v,w), z(u,v,w)) is a point on
the surface which is a function of the area coordinates A
(u,v,w).
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Figure 9. Projection of a point to the Bézier patch

Figure 9 illustrates the procedure used for projecting a
point X to the triangle Bezier patch. The point is first
projected to the facet F; to determine an initial parametric
guess Ayess a location X, on the facet. X, is defined by
equation (55) and Ag.es from equations (56), (57) and (58).



Given this information, the procedure progresses as
follows:

1. First check if X iswithin tolerance, tol of one of
the facet vertices. Define a convergence tolerance
relative to the size of facet F;. For example

tol = Jarea(F) x10
IF (|| - R[] <tol) THEN X, =R, RETURN.

2. Check if Agess isoutside the parametric domain
of the patch and move it to the parametric
boundary.

Let A = Agess
FOR i=1,2,3; j=(i+1)%3; k=(i+2)%3
Ali1=0
Aljl
ALj]+ALK]
AlK] =1-A[]]

IF (A[i] <O)THEN{ A[j] = (66)

3. Let X5 =®(A) betheevaluation of the Bézier
patch at parametric location, A (see equation (5))

X = D(A) (67)

Vinove = X =X A, Gmove :"Vmove" (68)

4. Keep track of the best area coordinate, (Apey) the
location at Apes, (Xpeg) @nd its distance from X,
(dpesy)- Initialize with the values computed in (67)
and (68). Also keep track of the number of
iterations niter.

Abest = A Xpest =X asOpest = Armove (69)
niter =0 (70)

5. Begin Iteration Loop. Check for convergence
and ensure the maximum number of iterations,
IMAX has not been exceeded.

IF (Qove < tol OR niter > IMAX) THEN
X, = X Ag = Ay
RETURN

6. Parametersu,v,w are not linearly independent
(ut+v+w=1). Choose a system, of two variablesto
optimize.

FORi=0,1,2; j=(i+1)%3; k=(i+2)%3
IF (A[i]>A[j] AND A[i]>A[K]) THEN
n=j¢=ky =i (711)
7. Define areacoordinates, A,7 and Af perturbed a

small distance J from A. in directions/; and
& respectively.

Al = Al +6

-1 ___ Al
Aqlél= A/][’]])(l A[E]+A[z//]] (72)

AW =1- Al ~A, €]
ALlE1= A8 +

Adn = (1—%*])[1—%] )
ALl@1=1-Acl ~Acle]

8. Evauaea A 7 and A and approximate
derivative vectors V,] and V{ in directions

nand &.
P(A,)-X
- n A
=t 74
= (74)
D(Ag) —Xa
= 75
¢ 5 (75)
9. Compute a search direction tangent to the Bezier
patch
Npe =V, xV¢ (76)
Vmove = (Nn{ meove) x N/]{ (77)

10. Project to 2D coordinate plane based on
magnitude of N,,¢

FOR i=1,2,3; j=(i+1)%3; k=(i+2)%3
IF (|N,75[i]| >|N,75[j]| AND
INelil| >[Ny [KI)) THEN
I=j, J=k

Solve 2% 2 linear equation in I, J system to determine the
move distance d,,d, in the parameter space.

Viowelll  Vell] V[l Vinovel!]
_Vmove[J] V{[J] _V[J] Vmove[‘]]
Y= Ve % T v
VIl Vgld] V[ Vel
11. Compute the new trial area coordinate A
Al =Aln] +d, (79
A[é]=A[é] +d; (80)
Al =1-Aln] -A[{] (81)
12. Make sure A remainsinside the patch. Use
equation (66)

13. Evauate X at A and set up for next iteration.
Keep track of the best evaluated location so far.



Xiog =X, (82)

X, = B(A) @3
Vioe = Xa _Xlast’drmve :HVmoveH (84)
dy =X =X, (85)

IF (dx < Oyeq) THEN
Oy =0y Ay =A X g =X (86)
14. Increment theiteration count and return to
beginning of loop.
niter = niter+1
GOTO5

5.3 Performance

In order to get a rough idea of performance for the
closest_point implementation, models of varying size were
tested and their results described in Table 1. Test models
are shown in Figure 10 to Figure 12.

i

Figure 12. FEA Surface Model (15,599 facets)
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Table 1. Comparison of Performance of closest
point performance. (evaluations per CPU second).

For these cases, the closest_point routine was instrumented
to accumulate CPU time only while in that function while
meshing the surfaces shown. The total CPU time taken in
the closest_point routine dvided by the number of cals to
the routine is reported in Table 1. The table reports cases
both with and without the use of the R-Tree spatia
searching as described in the previous section. Results
illustrate severe deterioration in performance for surfaces
with many facets when no spatial searching is used (O(n?)).
With R-Tree, the performance deteriorates, but at a much
more acceptable rate (O(nlogn)). The results dso illustrate
that for surfaces containing fewer facets, the overhead of
using the R-Tree was more time consuming than was
warranted. As aresult, the R-Tree is only used where the
number of facets exceeds 2000.

Also illustrated in Table 1 is the comparison of using only
the linear facet representation vs. using the Bézier
combined with the minimization scheme described in the
previous section. Although there is some performance hit
when using the Bezier representation, the overal slow-
down is not significant.

In order to put these results into perspective with a standard
NURBS-based geometry kernel, the ACIS geometry kernel
was instrumented and a similar test performed by meshing
atypica CAD model. In this case, the time reported was
only that required by the ACIS third party library to return
the requested closest point on the surface. The average
number of evaluations per CPU second was 990. This is
comparable to the linear facet representation of the cylinder
model of Figure 10.

It is clear from these results that a significant amount of
time is taken to locate the appropriate facet(s) to evaluate.
As the number of facets increase, the performance can
deteriorate substantially. This justifies the use of geometry
decomposition algorithms to break the surface into smaller,
logica topological surfaces. It aso justified the further
improvement of efficient spatial searching techniques.

6. EXAMPLES

To illustrate the viability of the proposed facet-based
surface representation a limited number of test cases are
reported here. The first example illustrates the overall
process used to define the facet representation. Figure 13
shows the initial facetted representation. A feature angle of
100 degrees was used to ensure three distinct surfaces
would be generated. Once the appropriate surface topology
is computed, the appropriate normals at the facet vertices



are computed (Figure 13(a)). Note that multiple normals
may be computed at a single vertex..

(a)
(b)
Figure 13. (a) Coarse faceting of a cylinder. (b)
Computed normals at facet vertices.

Once normas are computed, the control points are
computed on each FacetEdge and Facet. Figure 14 (a)
shows the control point grids for each of the facets. The
normal information can also be computed at this time as
show in Figure 14 (b). Otherwise, the normals may be
computed only as needed.

Figure 14. (a) Bezier control point grid from Figure
13. (b) Computed normals at the control points

Figure 15. Facetted model meshed using paving,
mapping and sweeping mesh generation
algorithms

Having set up the facetted surface representation, the model
is ready to be meshed. Figure 15 shows an example mesh
generated on the geometry. In this case, the paving [2]
algorithm is used to mesh the cylinder caps and the sub-
mapping algorithm is used to mesh the sides. The interior
hexahedral mesh is generated using the sweeping

algorithm. Each of these mesh generation agorithms
utilize the facetted surface described in this work.

It should be noted that the resulting node locations on the
cylindrical surface described by the facetted surface
representation are within tolerance of reproducing the
shape of an exact cylinder.

The next example (Figure 16) is a contrived model
intended to illustrate the use of the facet-based surface
representation within an H-adaptive environment. In this
case, facets representing two concentric spheres are
defined. The initial mesh is defined by only quadrilateral
elements, which have been split to form facets. The FEA
analysis drives the adaptivity so that the quadrilateral
elements are uniformly refined. In this example 3 iterations
were performed resulting in 64 quadrilaterals for every
initial quad on the surface. New nodes were projected to
the surface defined by the Bézier facetted-surface
representation.  The result shown in Figure 16 (b), shows
the resulting refined surface mesh. Once again, the
resulting node locations of the refined model generated
only from the smooth facet representation are within
tolerance of an exact sphere.

-

(é) (b)

Figure 16. (a) Coarse faceting of concentric
spheres (b) FEA mesh after 3 iterations of H-
Adaptivity

Figure 17. shows an example of the use of the proposed
facet-based surface representation to improve the resolution
of small features within an existing FEA model. Figure 17
(a) shows the initial facetted representation of the model.
In this case, the model has small features that are not
sufficiently resolved for purposes of the required analysis.
After setting appropriate mesh sizing constraints on the
model, the surfaces are remeshed using the paving
algorithm with results shown in Figure 17 (b). Note the
improved resolution of the interface curves between
adjoining surfaces. The bold lines illustrate the difference
between theinitial linear representation and the final Bézier
representation of the curves.

One final example (Figure 18) illustrates the use of the
facet-based surface representation to convert a model
meshed with triangles into a different element type or to
modify its resolution by remeshing. In some cases, when
only the FEA mesh is available, to perform design studies,
it may be required to change the element type or mesh
resolution. This can be troublesome when there is no
underlying geometry representation. In this example, the
triangle surface mesh Figure 18 (@) is used as input to the



facet-based surface representation and Bézier patches are
generated. The paving algorithm is once again used to mesh
over the original triangle surface mesh.  Figure 18 (b) and
Figure 18 (c) show the triangle surface mesh remeshed with
different resolutions of a quadrilateral mesh. In (b) the
mesh is coarser than the original mesh and (c), the mesh is
finer.

(b)

Figure 17. (a) Facet-based model. Enlarged
section shows small features insufficiently
represented by the facets. (b) Paving algorithm
applied to the facet-based surface improves
resolution.

7. CONCLUSION

Facet-based surface representations have become an
important tool for simulation. Existing mesh generation
tools can utilize facet-based surfaces in a similar manner to
NURBS-based surfaces through a common API. We have
proposed a variety of technologies necessary to
successfully implement curve and surface representations
specifically for use within an existing mesh generation
toolkit.

(©

Figure 18. (a) Initial triangle mesh. (b) remeshed
using Paving. (c) at finer resolution

An object oriented facet representation has been proposed
that permits flexibility and reuse within different
applications. Both G° and G! facet representations have
been presented, alowing the user to trade off between
accuracy and efficiency of theresulting mesh. The Walton
patch was proposed as the basis for the G' facet



representation, and its implementation within the context of
ageometry kernel for 3D mesh generation was presented.

Additionally, techniques for evaluation of the facet
representation during the mesh process were described. It
was found that in cases with small numbers of facets, that
the NURBS-based and facet-based representations were
equivalent. However, for significant numbers of facets, the
performance of the facet-based representation was less
efficient. A spatial searching technique, R-Tree, was used
to improve performance for significant numbers of facets.

The proposed research has been implemented within the
context of the Cubit mesh generation software toolkit [1]
and is currently utilized by a wide variety of users at the U.
S. National Laboratories.
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